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Abstract
We propose a method for constructing super-brane actions where every back-
ground tensor potential corresponds to a world-volume field strength. The pro-
cedure provides a natural coupling to the background and automatically displays
the SL(2;Z) symmetry of the IIB string theory. The Dirichlet -brane is used
as a test ground for these ideas. A polynomial action consistent with non-linear
self-duality is presented. Invariance of the action under κ-symmetry is demon-
strated for arbitrary on-shell type IIB supergravity backgrounds and is shown
to require self-duality.
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1. Introduction
Extended supersymmetric objects arise as soliton configurations in the low-energy effective field
theories of string theory and M-theory. Most profoundly, the solitons of type II string theory are
realised as D-branes [], i.e., objects on which elementary strings may end []. Many aspects of
the dynamics of these objects, which is the main subject of this paper, are by now fairly well
understood. For instance, it was shown early on that the fact that elementary strings may end on a
D-brane necessitates the presence of a self-interacting vector potential on the D-brane world-volume
with its dynamics governed by the Dirac–Born–Infeld (DBI) action []. More recently, the world-
volume dynamics of supersymmetric D-branes has been completely formulated [-]. An important
ingredient in the latter construction is κ-symmetry, a fermionic gauge symmetry reflecting the fact
that these configurations are BPS-saturated and break half the space-time supersymmetries.
A serious drawback of the picture of refs. [-] for the case of type IIB branes is that it breaks
the SL(2;Z) S-duality symmetry [] of the type IIB theory. This shortcoming has more or less
been taken for granted, since SL(2;Z) is a non-perturbative symmetry and a choice of elementary
excitations is required; indeed, the non-covariance is inherent in the very notion of D-branes as
objects on which elementary open strings may end. Nevertheless, recent developments [,,]
have shown that by treating simultaneously the entire SL(2;Z) multiplet of type IIB superstrings
as “elementary”, a formulation that makes the SL(2;Z) symmetry manifest can be achieved. While
such a description should not be expected to be possible in terms of local field theory for a theory
possessing a strong-weak coupling symmetry involving the interchange of electric and magnetic
charges (such as, e.g., N=4 super Yang–Mills theory), the string theory symmetry does not involve
any such charge interchange, and there seems to be no immediate obstruction to an SL(2;Z)-
covariant perturbative formulation.
The other branes of the type IIB theory also come in SL(2;Z) multiplets, and one would like to
find a description that respects this covariance, generalising the superstring action of ref. []. The
present paper makes a concrete proposal for how this may be accomplished. Our main proposal
is that any tensor potential in the background supergravity theory should correspond to a world-
volume field strength containing the background potential schematically as “F = dA−C”, thus
generalising the mechanism required to achieve gauge invariance in the traditional formulation. If
the background theory (type IIB supergravity) is formulated with manifest SL(2;R) symmetry, the
same will then be true for the classical brane action. Quantum effects on the superstring world-sheet
break SL(2;R) to SL(2;Z) [,,].
The formulation is not limited to type IIB, but should have its most important application
there. In addition to displaying more symmetry, it should provide clearer information about branes
ending on other branes, in which case the boundary should couple directly to a tensor potential on
the brane. It may also simplify the formulation in other cases (type IIA and  dimensions), since
it in general seems to yield polynomial actions.
In the present paper, our proposal is tested on the -brane of type IIB string theory, which
is a singlet under SL(2;Z). This fact has previously been shown to correspond to certain duality
properties of the DBI action [], and those results are now recast in a completely covariant and
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SL(2;Z)-symmetric form, including the coupling to the background. The type IIB -brane case,
which will be even more interesting since the charges come in an SL(2;Z) doublet, will follow a
similar pattern and will be worked out in a separate paper.
We should mention that the action we write down does not imply the non-linear self-duality
constraint that is imposed on the world-volume -form field strength. There are methods for in-
corporating self-duality so that it follows from an action principle [], but none of these seem
to clarify any of the points we want to make. Indeed, consistency of self-duality with the Bianchi
identities and equations of motion turns out to be a powerful instrument by itself. If self-duality
can be handled in functional integration, as described by Witten for the (linearised) -dimensional
-brane [], a formulation like the present one is equally useful.
The disposition of the paper is as follows. In section  we recapitulate some essentials of type
IIB supergravity, and work out the exact structure of the world-volume fields. section  deals with
the non-linear self-duality relevant for the -brane, and casts it into a covariant form. In section 
the -brane action is given, and in section  κ-symmetry is used to derive the same form of the
action. Finally, section  contains a discussion of our results together with some conjectures on the
further application of our method. Some notes on notation are found in an appendix.
2. World-volume and background fields
We advocate the proposal that coupling of branes to background tensor potentials of any rank
should be achieved solely through the formation of world-volume field strengths of the type “F =
dA−C”, C being (the pullback of) a background potential with field strength “H = dC” and A
a world-volume potential. The quotation marks are meant to indicate that these relations are to
be seen as schematic; the actual background field theories, supergravities in  or  dimensions,
contain “modified” fields strengths, a fact which will imply corresponding deviations from the
schematic expressions above also on the world-volume. We will concretise all this in a little while
for the type IIB theory; we expect the type IIA and -dimensional cases to behave similarly.
Before investigating the structure of the world-volume fields, some words need to be said about
the background. In the present paper, we will focus on the case of the -brane in type IIB string
theory and the relevant background fields will be those of type IIB supergravity [,].
The type IIB branes are embedded in chiral complex (10|32) superspace with coordinates
ZM =(Xm, θµ, θ¯µ¯). Local Lorentz indices are A=(a, α, α¯). To avoid confusion, note that although
the indices α and α¯ denote components of complex spinors, we may still use real (Majorana) γ-
matrices, which makes them behave identically under local Lorentz transformations. In some cases,
such as the supergravity constraints of section , objects with seemingly different index structures
may thus be identified.
The bosonic sector of type IIB supergravity consists, apart from gravity, of scalar fields in the
coset SL(2;R)/SO(2), an SL(2;R) doublet of -form potentials Cr and an SL(2;R) singlet -form
potential C with self-dual field strength. The formulation of this theory is well known, and we will
only briefly state some relevant points in order to establish our notation.
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The scalars are represented as a complex SL(2;R) doublet U r constrained by i2εrsU
rU¯ s=1.
The coset is obtained by gauging the U(1) acting as U r→ eiϑU r. We normalise the U(1) charge
e to 1 for the scalars U r. The physical dilaton and axion fields φ and χ are identified as the
projective invariant U 2/U 1=χ+ie−φ, but we will stick to the SL(2;R)-covariant notation. If the
above action of SL(2;R) on the scalars is considered the left action, there is also a right action, of
which the U(1) is a subgroup. The left-invariant Maurer–Cartan forms and equations are
Q = 12εrsdU
rU¯ s , dQ− iP∧P¯ = 0 ,
P = 12εrsdU
rU s , dP − 2iP∧Q ≡ DP = 0 ,
(.)
where the covariant derivative D (acting from the right) includes the real U(1) connection Q as
D = d− ieQ, e denoting the U(1) charge.
The -form field strengths are formed asHr = dCr. The scalars act as a bridge between objects
that are SL(2;R) doublets and U(1) singlets, such as Hr, and the corresponding objects which are
SL(2;R) singlets but carry U(1) charge 1, such as H ≡ HrU r. In this function they are necessary
for the existence of SL(2;R)-invariant kinetic terms like H ·H¯ (for the θ=0 components). We are
using roman versus script letters to make the same distinction also for other fields. The complex
field strength satisfies the Bianchi identity
dHrU
r ≡ DH + iH¯ ∧P = 0 . (.)
The -form field strength and Bianchi identity are
H = dC + Im (C ∧H¯ ) , dH − iH ∧H¯ = 0 . (.)
where the “modifying” terms come from consistency of self-duality with the presence of the su-
pergravity “Chern–Simons” term ∝ i ∫ H ∧H¯ ∧C. A corresponding statement of course applies
for the -form, whose θ = 0 component is dual to the -form. Analogous consistency conditions
imposed on world-volume fields will be central for the continued discussion.
With these preliminaries at hand, we are ready to treat world-volume fields defined by modi-
fications of the typical relation “F =dA−C”. The guiding principle is gauge invariance, both with
respect to background and world-volume gauge transformations. Up to trivial rescalings, one is
uniquely led to the -form and -form field strengths
F = dArU
r − C , F = dA− C + Im (A ∧H¯ ) , (.)
with the Bianchi identities
DF + iF¯∧P = −H , dF = −H − Im (F∧H¯ ) . (.)
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It is straightforward to verify that all field strengths are invariant under the gauge transformations
δCr = dLr ,
δC = Im (L ∧H¯ ) + dL ,
δAr = dlr + Lr ,
δA = Im (ℓH¯ ) + dl + L ,
(.)
where L ≡LrU r and L are background - and -form gauge parameters, while the world-volume
parameters ℓ≡ lrU r and l are - and -forms. These definitions are independent of the dimension
of the world-volume. For the case of a -brane these fields are sufficient; for higher-dimensional
p-branes the procedure will and can be continued up to the field strength of rank p+2.
The number of world-volume fields and their transformation properties are thus completely
determined by the structure of the background supergravity theory, in this case type IIB. We know,
on the other hand, e.g. by comparison to the field content of D-branes, that this in general gives
too many bosonic degrees of freedom. Apart from transverse oscillations, type II branes contain
one vector potential. The -brane, following our proposal, carries an SL(2;R) doublet of vector
potentials and a -form without local degrees of freedom, while a -brane has the vector doublet,
the -form singlet and a doublet of -form potentials without local degrees of freedom. Thus, there
must be a mechanism by which the number of physical fields is reduced to the correct one. This
mechanism is a kind of duality relation, which will be investigated for the -brane in the next
section. We would like to remark that even if the proposed set of fields containing background
couplings may not be seen as necessary, manifest SL(2) symmetry requires at least the doublet of
vector potentials, which already calls for some relation between the field strengths. The exception
is the case p=1 treated in refs. [,], where the vector potentials do not carry any local degrees
of freedom.
3. Self-duality
The duality properties of the DBI action for the -brane are well understood; the -brane is invariant
under a simultaneous duality transformation of the world-volume vector field and a transformation
of the background fields under the non-trivial element in the Z2 subgroup of SL(2;Z) interchanging
NS-NS and RR charges []. The scalar fields have also been included in this transformation [],
but not in a manifestly SL(2;Z)-covariant way. Neither have the duality properties been examined
in the supersymmetric case, though it is obvious that they must hold. We will cast the known
duality transformations into a covariant form, to be used later for a manifestly SL(2)-covariant
formulation of the supersymmetric -brane.
The -brane DBI action
SDBI = −
∫
d4ξ
√
−det(g + F ) , (.)
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contains one real -form field strength F . The dual field strength G, defined by ∗G = ±2 δSDBIδF , is
related to F by the non-linear duality transformation
G = ±N−1(F )
(
∗F + 1
2
(F ·∗F )F
)
, (.)
with inverse
F = ∓N−1(G)
(
∗G+ 1
2
(G·∗G)G
)
, (.)
where N(F ) = (1 + F ·F − 14 (F ·∗F )2)1/2 (note that
√−gN(F ) = −LDBI).
We would like to associate these real fields with the real components of the field strength
F of the previous section. The first critical step to be taken is to check whether (.) respects
the U(1) symmetry. The duality transformation is not manifestly U(1) symmetric, but it is quite
straightforward to show that it holds unchanged also for the real components of eiϑ(F + iG).
Disregarding the physical reasons for identifying F =F+iG, this is quite astonishing, since (.)
contains an infinite number of terms with different U(1) charges. The next task is to find the
manifestly U(1)-symmetric formulation of the duality. One piece of information is found in the
observation that G·∗G = −F ·∗F , a relation which takes the U(1)-covariant form
F ·∗F¯ = 0 . (.)
We therefore make an ansatz for self-duality consistent with this identity:
i∗F = αF + β ((F ·F )F¯ + (F ·∗F )∗F¯ ) , (.)
where α and β are uncharged scalar functions of F . This ansatz must be restricted in order to be
consistent (eq. (.) encodes both the duality transformation (.) and its inverse (.)). In order
to shorten the expressions, we introduce the quadratic invariants r≡F ·F¯ , p≡F ·F , q≡F ·∗F
at U(1) charges 0, 2 and 2, respectively. Consistency of the non-linear self-duality demands that
the relations
q = −i(α+ βr)p
(
= − i
α− βrp
)
,
r = iβ(pq¯ − p¯q)
(
= −β
α
(pp¯+ qq¯)
)
,
α2 − β2r2 = 1
(.)
be satisfied. This leaves only one independent complex invariant, matching in number the two
scalars F ·F and F ·∗F . The remaining freedom resides in the choice of the function β, which will
be determined from the actual duality (.). Since we have U(1) covariance, we may choose any
equation following from (.) but not implied by (.) that we wish. Even if it consists of terms
with different charge e, we know that it will be fulfilled separately at each value of e. We chose to
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use the symmetric equation N(F )N(G) = 1 + 116 (Re q)
2. We also checked explicitly that any of
the charge components of this equation implies
α = ± 1 +
r
8√
1 + r4
, β = ∓ 1
8
√
1 + r4
. (.)
The duality may be simplified further; one useful observation, that we will employ in the proof
of κ-symmetry as well, is that when the self-duality constraint is satisfied, each of the matrices
Fi
j , F¯i
j , ∗Fij and ∗F¯i j is expressible as a sum with scalar coefficients of odd powers of only
one real matrix Fi
j , and, consequently, they all commute. Other relations that follow are (matrix
multiplication) F∗F = 14 tr(F∗F )11 and F∗F¯ =−∗FF¯ . The final form of the self-duality relation
is
∗F = ∓i√
1 + 14F ·F¯
(
F − 1
4
(F ·∗F )∗F¯
)
. (.)
In the following section we will formulate an action that is consistent with this relation.
4. The 3-brane action
There is a number of qualifications we require of the action, the first one being, of course, that it
be equivalent to the DBI action. This may only be achieved if the action is compatible with the
self-duality relation (.), which is what guides us in the first place. We also want manifest SL(2)-
covariance, which is achieved by using only the fields of section . Finally, we need κ-symmetry to
get the correct number of fermions on the world-volume.
In the spirit of earlier formulations of strings and membranes with p-form world-volume po-
tentials [,,], we make an ansatz for the action as
S =
∫
d4ξ λ
√−g {1 + Φ(F , F¯ ) + cF ·F} , (.)
where λ is a Lagrange multiplier field and c a numerical constant. In order to judge the consistency
of self-duality, we need to compare Bianchi identities and equations of motion for the field strength
F . To this end, define K = ∂Φ
∂F¯
. Noticing that the last term in the action (.) may be recast in
the alternative forms −c ∫ d4ξλ√−g(∗F )2=−c ∫ λF ∧∗F , the equation of motion for λ is readily
found to be
∗F = ± 1√
c
√
1 + Φ , (.)
while the one for A reads d(λ∗F )= 0. Furthermore, taking into account the fact that F contains
A , the equations of motion for Ar may be written
D(λ∗K )− iλ∗K¯ ∧P = icλ(∗F )H , (.)
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which should be compared to the Bianchi identity DF+iF¯∧ P =−H . The only duality relation
consistent with the equations of motion following from the action (.), in the sense that the
background field H cancels, is
∗K = −icF (∗F ) . (.)
Note that the sign of the term containing the Maurer–Cartan form P changes under multiplication
of the field with i. This is the only check we need to perform in order to see that duality works for
arbitrary background dilaton and axion fields. Matching eq. (.) with the results of the previous
section, we arrive at c = 14 (the actual number being, of course, a consequence of the choice of
normalisation in (.)) and
S =
∫
d4ξ λ
√−g
{
1 + 1
2
F ·F¯ − 1
16
(F ·∗F )(F¯ ·∗F¯ ) + 1
4
F ·F
}
. (.)
The duality now takes the polynomial form
i
2
(∗F )∗F = F − 1
4
(F ·∗F )∗F¯ . (.)
Note that once the duality is satisfied, the quartic term in (.) reduces to − 14F ·F¯ , so that the
square root in (.) becomes identical to the one in (.) (this relation should of course not be
inserted into the action). It is, in fact, not necessary to determine the unknown ingredients in (.)
by comparison with earlier results. One may as well go directly to the following section and get
the form (.) directly from the requirement of κ-symmetry.
Let us end the present section with a comment on the fact that there is no Wess–Zumino term
in the action. Considering the actual form of F and its equation of motion, a partial integration
is sufficient to see that the F 2 term plays, in fact, the same roˆle as the Wess–Zumino term does
in the “old” D-brane action (although there is a difference in that the present term includes
both -form field strengths). This statement is true in general for the (p+1)-form field strengths.
The sign of the duality (.) depends on the sign of ∗F in eq. (.). Therefore the present action
describes two sectors of solutions, where the -form is self-dual or anti-self-dual, i.e., -branes and
anti--branes. In previous descriptions the two sectors differ by the sign of the Wess-Zumino term,
or, equivalently, of the “RR” charge (the notion is really an artefact of the SL(2;Z)-non-covariant
choice of elementary string excitations; for the -brane this charge is SL(2;Z)-invariant).
5. κ-symmetry
κ-symmetry is the invariance under the transformations induced by the local fermionic translations
δκZ
M =καEα
M+κ¯α¯Eα¯
M . In particular, for a background form pulled back to the world-volume the
induced transformation reads δκΩ=LκΩ= (iκd + diκ)Ω. Transformations of world-volume fields
must be specified separately, with the purpose of making the transformations gauge-covariant. To
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this end, the potentials of section  are taken to transform as
δκAr = iκCr ,
δκA = iκC − Im (A ∧iκH¯ ) ,
(.)
which results in the following transformations of the world-volume field strengths:
δκF = −iF¯∧iκP − iκH ,
δκF = −iκH − Im (F∧iκH¯ ) .
(.)
One also has to consider the transformation of the induced metric,
δκgij = 2E(i
aEj)
Bκα TBα
bηab + c.c. (.)
The gauge parameter κ is subject to some restriction that makes it gauge away only half the
fermions; an essential part of establishing κ-symmetry amounts to finding the half-rank matrix
annihilating κ.
When the above transformation rules are applied in the variation of an action, one needs
explicit expressions for the background field components involved. The latter are only those carrying
at least one spinor index, and as such they are subject to constraints. A convenient set of constraints,
which is consistent with the Bianchi identities of section  as well as with those for the torsion and
implies the equations of motion for the background fields, is at dimension 0:
Tαβ¯
a = (γa)αβ ,
Haαβ = 2(γa)αβ ,
Habcαβ¯ = 2i(γabc)αβ ,
(.)
and at dimension 1/2:
Habcdα = 0 ,
Habα¯ = −i(γabP )α ,
Tα¯β¯
γ = iδ(α
γPβ) − i2 (γa)αβ(γaP )γ ,
Pα¯ = 0 , Qα = 0 ;
(.)
the constraints at dimension 1 and above do not enter in the κ-variation. Components of the
appropriate dimensions not appearing in (.) or (.) vanish. Also, we do not separately give
components that follow by complex conjugation.
At this point, it is very convenient to take advantage of the fact that we have a duality relation;
since the variation of the action, irrespective of the exact form of the latter, will contain the fields
K of section , we may use self-duality in the form (.) to obtain the exact variation whatever
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the function Φ may be. The variation of the Lagrange multiplier is as usual unimportant, so we
content ourselves with varying the constraint Ψ ≡ 1 + Φ + 14F ·F ≈ 0. The result is at dimension
0 and 1/2, respectively,
(δκΨ)(0) = (∗F )E¯i
{[
1
2
(∗F )γi − i
6
√−g ε
ijklγjkl +
i
2
(∗FF¯ )ijγj
]
κ+ i∗F ijγj κ¯
}
+ c.c. ,
(δκΨ)(1/2) =
1
8
(∗F ) ∗F ij P¯α [Fij κ¯− 2(γijκ)]α + c.c.
(.)
We must then find a matrix M of half maximal rank such that this variation vanishes when
“κ=Mζ” (real matrix acting on real components) for an unconstrained spinor ζ. Indeed, if we let
κ =
(
i
24
√−g ε
ijklγijkl +
1
2
∗F
)
ζ − i
4
∗F ijγij ζ¯ , (.)
we find that both parts of (.) vanish, provided that 1 + 14F ·F¯ + 14F ·F = 0 and the duality
relation (.) holds. It is not difficult to see that eq. (.) can be written as a projection κ=P+κ,
where the projectors P± are given by
(∗F )P±ψ = ∗
(
1
2
Fψ ∓ i
2
F∧γ(2)ψ¯ ± iγ(4)ψ
)
. (.)
The invariance under κ-symmetry thus demands the same action and the same self-duality relation
as were derived earlier using the DBI action as input.
6. Discussion
We have demonstrated how the type IIB string theory super--brane, by the introduction of a
full set of world-volume fields corresponding to the background ones, can be given a formulation
where the SL(2;Z) symmetry becomes manifest. The construction involved a certain non-linear
self-duality relation needed to reduce the number of physical degrees of freedom to the correct
one, and also demanded by supersymmetry. We take this as a strong indication that the idea of
introducing the higher world-volume tensors is indeed a good one. The final test will of course be
the multiplet of -branes, but it is quite clear from the present investigation how it will work. In
this case we start from an ansatz of the form
S =
∫
d6ξ λ
√−g {1 + Φ(F , F¯ , F ) + cG ·G¯} ,
where G =dA(5)rU
r−C(6)+13A∧H −16A ∧H is a non-dynamical complex -form. Again, there will
be implicit restrictions analogous to (.) on possible duality relations. The exact form of these
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restrictions is easy to derive; they imply a duality between the (real) -form and the (complex)
-form, where one uses G instead of ε for dualising,
∗K = −2c
3
Re (F∗G¯ ) ,
∗K = c
6
F∗G + ic
12
(F∧F¯∗G + F∧F∗G¯ )
= c
6
F∗G − i
4
F ∧∗K
(.)
(here,K = ∂Φ∂F ), thus resolving the question of how to obtain the correct number of fields. There are
at least three consistency checks involved in the procedure: the first one is the internal consistency
of the explicit duality ansatz analogous to (.), the second one its integrability, i.e., the possibility
of deriving it from an action in the restricted sense described above, and the third that κ-symmetry,
which given (.) is calculable without knowledge of Φ, requires the same duality.
We have in this paper dealt exclusively with type IIB branes, motivated by the search for
SL(2)-invariant formulations. It would be interesting to see if the method applies also in the
cases of type IIA and  dimensions. This might be done directly in  dimensions using the
superspace formulation of -dimensional supergravity [,] as a background. The membrane
[] only involves a maximum-rank form, and is treated in ref. []. It is conceivable that the
present method would provide a polynomial κ-symmetric action consistent with a non-linear self-
duality for the -dimensional -brane [].
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Appendix A. Some notation
We use the standard conventions for superspace forms with an n-form expanded as
Ω =
1
n!
dZMn . . . dZM1ΩM1...Mn =
1
n!
EAn . . . EA1ΩA1...An , (A.)
and the world-volume forms defined analogously. No separate notation is used for pullbacks to the
world-volume. The exterior derivative acts from the right as
dΩ = Ω∧d← , (A.)
and thus obeys
d(Ω(m)∧Ω˜(n)) = Ω(m)∧dΩ˜(n) + (−1)ndΩ(m)∧Ω˜(n) . (A.)
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The interior product iV by a supervector field acts similarly. Scalar products of tensors are defined
as
A·B ≡ 1
n!
Ai1...inB
i1...in , (A.)
and Hodge duality as
∗Ωi1...iD−n ≡ 1
n!
√−g ε
i1...inΩiD−n+1...iD , (A.)
with ε01...(D−1) = 1.
Unlike most authors, we have chosen a convention where complex conjugation does not reverse
the order of fermions, for which reason the dimension-0 component of the torsion in (.) does not
contain a factor i. We find that this convention simplifies reality properties in complex superspace.
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